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LONG PERIOD COLTLINC TEI;MS IK LAGRANGE'S EQUATIONS 

Introduction 

In this report tlio long period tormn arising from the short-short period 
coupling of zonal harmonics are derived for Lagrange's Equations. The formu- 
lation f general so that the results are valid for any pairs of zonal harmonics 
ariiere n and C. arc arbitrary. 

Formulas are given to generate the various functions and Integrals needed 
for the results given In this report. Checks hi.ve been made against the work 
of Kozal, Reference 1. 

This paper Is a generalization of that portion of the work of Berger, 
Reference 2, which deals with the long period coupling effect of certain 
pairs of zonal harmonica. 


Analysis 

Lagrange'c Equations 

The equations of Lagrange arc: 
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The Disturbing Function 

The short period disturbing function 1) given by 
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? f for n odd 
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This notation Is Introduced to Heep the form of the disturbing function 
Invariant. This we do not need to write separate equations for for the 
cases n even or odd. 


Since we deal with coupling of ronals n and ^ the function is 

^ OP^ **• replaced by 
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The quantities _ snd i **’* Incll 

'0 V 

averaging functions respectively and arc given In Appendix 1 


the Inclination and 


The product ^ ^ in Equation 1, Is the average of the 

tera (^oL d ^ taken over the mean anoouily. 

Expansions For Lagrgnge's Equations 

The Taylor .rlos expansion for a typical Kaplcrlan element £• needed 
to find the coupling terms In Equations (1) Is 

1 1 {h ^ 

x«j. L ^ 

represents the functions appearing on the right hand side of Equations 
(1) i jr the 1^^ element. For example' for the Inclination 


/ r ^ ^ 


The symbol ^ attached to an clement Indicates the perturbations In that 
element. The subscripts n and ^ pertain to the zonal harmonics considered. 





General fomulaa for 


apprnd^ca 3 and 6. 


J ^ ^ given In 
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In Equation (3), (E-1)(L-1) coupling terms arise. Formulae for the 
general '4. ~ ,'>eriod term arc derived by averaging the quantities 

enclosed by tlie brackets in Equation (3), using the functions defined by the 
append^es. The results arc functions of U, and ^ which arc defined in 
connection with Equation (2). 


It should be noted tliat long period perturbations due to '^^ ** *^ coupling 

do not occur in the semi major axis. Tltia was proved by Kozal, Reference <t. 

His proof while given only for J^m. coupling can be readily extended for 

2 order coupling of the form period terms in the semi 

Biajor axls*a^result frtsn higher order coupling of the form • J • 

*diich is beyond the kcope of this report. Hot aver for the special but important 

.*• 

case for long pe.iod terms of order the results of Berger, Reference 5, 
are available. 


Evaluation of the Expansions For Lagrange's Equations 

The mean values of the functions enclosed by the brackets in Equatlon(3] 
are now given for each of the KQplQrlan elements i/ndcr consideration. Since 
certain types of trigonometric products lecur frequently they arc given in 
Appendix 5. 


In general the functions to he averaged arc of the form 
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■o ti>al the average valuea are readily 
fiinctloni a deacrlbed in Appendix 1. 
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by meana of the averaging 


Wlien the aubacrlpta of the averaging function arc functlona of a para- 
■etcr e.g. uaeful to find the Duxlnun value of 

f ^ • *'**^‘^*' will yield non-*ero terms for the averaging 

function. Then la found from the relation 


la found from the relation 
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For example If );>W , then 




In aomc of the series a term occurs In which A ~ 'A. Is a dlvisori 
where k Is a sumnlLtlon Index. These series have been derived so that the 
correct sum Is obtained by omitting the term for which A' 4. r ^ * 


The Inclination Equation 

The expansion for the Inclination equation corresponding to Equation 
(3) Is given by 
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Uslrvt; the functions olv«n In tne i«pponiiocsj 


The bors over tno functions lndlc*-te ^.verp.jss o'^er the ner*n tinor.aly nnd 
consequently define the lonjj period terns. 
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Tne functions o'* tne typo /\. etc. are defined In appendix 2 . 
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Appendix 1 


'nte Inclination Function 


A convenient form of the inclination function la r'ltalned from 
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The Averaging Function 
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Appendix 3 

Derivatives of the Disturbing Function 
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.''itel. iU.'kS 


Punotlon.- A^, C^ , D^ft i Cl^ i -i^ »re defined In 

A^pondtK 2. Tie prl"i*.1 function /h***! not iven explicitly lu forx.'d 
fro”. the unprlneJ functl'in. . : n th'* function mis the subrcrlpt n then 
the crimed function Is form d by r*nleclng K. in the unprln;*d function 
by ’U , Slnllirly, •••hen the func*’lon he« the eubrcrlpt 1 the prlrr**d 
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function Is formed by rjpleclns ^ In the uncrlned function 


f-K a e-iuetlon of th'i center 
^a the Incllnetlon function 

^ the derivative of with resoej; to sine of 1. 
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the second darlvutlve of fc. , •••Ith respect to slr.e/l, 
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zonel nt-rionlc of orJer n 
menn i.no’.fcly 

J function wnlcn Is zero for 1 even, rnd b^ukIr one for 1 odd. 

J fur. *tlon which Is zero for n even, en.1 m^ubIs one for n odd. 

dlstiirblnij function 

dl'tiirhinct fu.nctlc- of 1" zonul hfrr.onlo 


disturbing function of zonal nermonlo 
functl'-.n defined 1-t Appendix 2 


scnl major axis 

ftinctlon deflnsd In Appendix 1 
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